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ABSTRACT. An age-structured predator-prey system with diffusion and Holling-Tanner-type nonlinearities is 
considered. Regarding the intensity of the fertility of the predator as bifurcation parameter, we prove that a 
branch of positive coexistence steady states bifurcates from the marginal steady state with no prey. A similar 
result is obtained when the fertility of the prey varies. 



1. Introduction 

We consider the situation that an age-structured prey population and an age-structured predator popu- 
lation inhabit the same region. If u — u(t, a,x) > and v = v(t, a,x) > are respectively the density 
functions of the prey and predator at time t > 0, age a G [0, a m ), and spatial position x € 0, a general 
model of equations governing the time evolution reads 

dtu + d a u — d\/S. x u = (a,u,v)u , t > , a G (0, a m ) , x G Q , 

u(t,0,x) — / 6i (a, u, v) u(t, a, x)da , i>0, x G £1 , 
Jo 

dtv + d a v - d 2 A x v = ~fi 2 (a,u,v)v , t>0, ae(0,a m ), ie!l, 

v(t,0,x)= / b 2 {a, u, v) v(t, a, x)da , i>0, ie!l. 



J o 

subject to some suitable boundary conditions on the boundary 9fi. Here, /ij and bj are respectively the 
death and birth rates depending nonlinearly on the predator v and on the prey u, il C W 1 is a bounded and 
smooth domain, and a m G (0, oo] is the maximal age (that could be the different for the two populations). 
In this paper, however, we shall focus on steady state solutions, that is, on time-independent solutions 
u = u(a, x) > and v = v(a, x) > 0, for a particular case of the previous equations. More precisely, we 
look for nonnegative solutions (u, v) to the parameter-dependent system 

Vu 

d a u — A x u — — aiUu — a 2 , a £ (0,oo) , if!!, (1-1) 

1 + mil 

u(0,x) = rjU(x) , xGfi, (1.2) 

Uv 

d a v-A x v=-p x Vv + fi 2 — -, 6 (0,00 , xen, (1.3) 

1 + mil 

v(0, x) = £V{x) , xeQ, (1.4) 

where 

U := / e- ra u(a, ■) da , V := / e~ sa v(a, •) da . (1.5) 
Jo Jo 
Equations ( 11. IK ( 1 1 . 3b are supplemented with Dirichlet boundary conditions, i.e. u\on = and v\gn = 0. 
The latter system is derived from the previous one by taking a m :~ oo, by normalizing the diffusivities 
di, d 2 to 1 for the sake of readability, by considering linear birth rates of the form 

6 x ( a ) : = m - ra , b 2 {a) := ^e~ sa , 
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where r\ > and £ > are parameters measuring the intensity of the fertility and r, s > are weights for 
the loss of fertility with increasing age, and by taking nonlinear mortality rates of the form 

V U 

Hi{u,v) := aiU + a 2 — , H2(u,v) := PiV - f3 2 — - 

1 + mil 1 + mu 

with some fixed constants ai, a 2 , f3i, (3 2 ,m > 0. 

Clearly, other boundary conditions, e.g. of Neumann type, can be considered as well. We point out that 
equations dl.U - dl.4t are nonlocal with respect to age due to the nonlinear terms involving U and V given 
in ( 1 1 -5b . In addition, the initial values depend on the entire solution. 

A formal integration of the parabolic system dl.U - dl.5l yields a nonlinear elliptic system for (U, V): 

-A X U = (r? - r)U - ai U 2 - a 2 VU JT , xen, U\ an = , (1.6) 

1 + mu 

-a x v = (t; - s)v - ^v 2 + p 2 ^ UV TT , xen, v\ dQ = o. (1.7) 

1 + mu 

Note that with time dependence in dl.6l . (1 1 .7b (and also in dl.U - dTl4V ). in the absence of the other specie and 
of diffusion, both species would grow logistically. The additional nonlinear coupling terms are referred to as 
Holling-Tanner reaction terms and represent, e.g. in dl.6b and dl.U . the rate at which the prey is consumed 
by the predator. This rate is finite even if the prey tends to infinity, i.e. reaction terms of Holling-Tanner 
type model e.g. finite appetite of the predator. 

System dl.6t . dl.7t is investigated in [ 3 1 and global bifurcation results are shown with respect to the 
parameters rj — r and £ — s. The goal of this paper is to show similar - though local - bifurcation results 
with respect to the parameters 77 and £ for the parabolic system (II - lb -( fT~4b in the spirit of [3 1. We also refer 
to Q, where a variant of (II . lb -( TT~4b with only one equation is studied. 

Obviously, independent of what the parameters r\ and £ are, equations (1 1 . 1 b - (l 1 -4b always possess the 
trivial solution (u, v) = (0, 0). Moreover, it follows from [6| that dl.U . (1 1 ,2b with V = have nontrivial 
nonnegative solutions u ^ provided the parameter 77 is suitable. Analogously, ( 1 1 .3b . dl.4b with U = 
admit nontrivial nonnegative solutions v ^ for some values of £. In this paper we shall prove that, 
in addition, there are nonnegative coexistence steady states (u* , v* ) with u* ^ and v* ^ for some 
parameter values of 77 and £. Roughly speaking, if £ is regarded as bifurcation parameter and (77, u v ) is a 
fixed nontrivial and nonnegative solution (i.e. u n ^ 0) to dl.U . (1 1 .2b with V = 0, then there is a critical 
value £0 = £o(v) sucri that a branch of nonnegative solutions (£, to (II . lb - dl .4b with u* ^ and 

?j„ ^ bifurcates locally from the semi-trivial branch {(£, u n , 0); £ > 0} at the point (£0, u n , 0) provided 
that f3 2 << m. This bifurcation is supercritical. We refer to Theorem 12. 7 1 for details. Conversely, if 77 is 
regarded as bifurcation parameter, then a similar result can be derived without additional assumptions on 
the coefficients. The precise statement for this case is given in Theorem |2.9l 

In the next section we prove Theorem l2.7l in detail using the theorem of Crandall-Rabinowitz |4|. The 
proof of Theorem l2.9l is basically the same and will thus merely be sketched. 

2. Nontrivial Coexistence Steady States 

If E and F are Banach spaces we write C(E, F) for the space of all bounded linear operators from E to 
F, and we set C{E) := C(E, E). 

We begin with some preliminary investigations. Fix q 6 (n + 2, 00) and let 

K,d ■= KM n ) : = i u e u = on dQ } 

denote the Sobolev-Slobodeckii spaces on 57 involving Dirichlet boundary conditions for k > 1/q, where 
values on the boundary are interpreted in the sense of traces. Then W 2 ^ q ^ C 1 (f2) by the Sobolev em- 
bedding theorem, in particular the interior of the positive cone W 2 ~^^ q is nonempty. Set L q := L q (£l) 
and 

E := L q (R+, L q ) , Ej := L q (R+ , W 2 ^) n W^(R+, L q ) . 
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For the positive cone of Ei we write Ef := Ei n L q (R + , L+). Recall that 

Ei BUC(R + ,W^ D 2/q ) BC/C7(R+,C ,1 (n)) (2.1) 

according to IU III.Thm.4.10.2]. Hence the trace j<ju := u(0) defines an operator 70 G £(Ei, ^ q )- 
We then say that an operator A G C(W^ D , L q ) has maximal L q - regularity on R + provided that 

{d a + A, 70) G £(E!,E x W 2 q J ,q ) 

is a toplinear isomorphism. 

Obviously, if it G Ei and r > 0, then J °° e~ Ta u{a)da G W% D and, by (|27TT >. 

/•oo />oo 

/ e" ra <9 a u(a) da = -u(0) + r / e - ra w(a)da in X 9 . 
Jo Jo 

Throughout this paper we agree upon the notation dl.5t for U and V if u, « £ Ei. 

We write -A^ for the Laplace operator subject to Dirichlet boundary conditions. It is known (e.g. (2] 
Thm. 12]) that if p G Loo(O), then the eigenvalue problem 

—A D tp +ptp = \ip , 

has a smallest eigenvalue A = Ai (p) with a strongly positive eigenfunction. This principal eigenvalue Ai (p) 
is simple and increasing in p [f2] Thm. 16]. We set Ai := Ai(0) > and let ip± denote a strongly positive 
eigenfunction corresponding to Ai. 
The next lemma was noted in J3] . 

Lemma 2.1. Let (it, v) be a nonnegative smooth solution to dl.U - dl.4t . Ifu^O, then r\ > Ai + r, and if 
v ^ 0, then £ > Ai + s — fa/m. 

Proof. Let u ^ and set z{a) := J n ipiu{a)dx. Then, since d a u — A^u < 0, we have z' < — \\Z, i.e. 
z{a) < z{0)e~ Xia . Hence 

^ z{0) = [ ipxr] ( e- ra u{a) dadx < —?—z(0) 
Jn Jo Ai + r 

implies the first assertion. For the second claim let v ^ and set w{a) :— J n ipiv(a)dx. Then we obtain 
from d a v — A^v < —v that w' < ( — Ai + @rr)w and we conclude as before. □ 

Next, set 

Ai{u) := -A D + atiU and A 2 {v) := -A D + f3 x V 
for u,v G Ei. Clearly, Aj G C 1 (Et,C(W^ D ,L g )) and — Ay (it) generates for each u G Ej a strongly 
positive analytic semigroup { e ~ A j( u ) a ; a > 0}onL 9 . Moreover, A., (0) = —A/) has maximal L g -regularity 
on M + (e.g., see [ 1 , III. Ex. 4. 7. 3,111. Thm.4. 10.7]). We thus may apply the result of [6] to obtain semi-trivial 
branches of solutions to ( 1 1 . lb -( TT~4b . i.e. nontrivial solutions (£, 77, u, v) with either u = or v = 0. In fact, 
we have: 

Lemma 2.2. (a) There are So > and a branch of nonnegative solutions (£, 1?) to ( II. 3t , dl.4t vv/f/i [/ = 
o/f/ie/orm 

V := {(£, » e ); Ai + s < C < Ai + s + e } C K+ x E+ 

w;?/i ^ bifurcating from the critical point (£, u) = (Ai + s, 0). 

There are e' > ant/ a branch of nonnegative solutions (r], u) to dl.lt , dl.2t w/f/z 1/ = of the form 

U := {(7?,it„);Ai + r < r/ < Ai +r + e } C M + x E+ 

vw'f/z u v ^ bifurcating from the critical point (77, it) = (Ai + r, 0). 
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Proof. Of course, the proof of (a) and (b) is the same. We take U = in dl.3t and apply |6] Thm.2.4,Prop.2.8] 
to (11.3b . ( 11.41 . where we regard £ as bifurcation parameter. Observing that the compact and strongly positive 
operator Qo introduced in [6| is simply the resolvent 

/>oo 

Qo := / e~ sa e Aoa da = (s ~ Ad)- 1 , 
Jo 

we have Qofi = (s + Ai) _1 </>i. Hence, the spectral radius of Qo is r(Qo) = (s + Ai) -1 since this is the 
only eigenvalue with a positive eigenfunction according to the Krein-Rutman theorem, and the existence 
of such a branch follows. Arguments similar to the proof of Lemma |2~T1 show that £ > Ai + s for any 
nonnegative solution (£, v) and so supercritical bifurcation occurs. □ 

Standard regularity theory for semilinear parabolic equations implies that the solutions of d 1 . 1 b -( fT~4b 
established in Lemma [2721 are classical solutions, i.e. belong to C(K + x f2) n C 1,2 ((0, oo) x Cl). 

2.1. Bifurcation for the Parameter £. We first regard £ as bifurcation parameter and keep r\ fixed. If 
r\ < Ai + r, then there is a trivial branch {(£, 0, 0); £ > 0} and a semi-trivial branch 

€ := {(£, 0, v 6 ) ; A x + s < £ < Ai + s + e } Cl + xE+xI+ 

of solutions (£, u, v) to dl.U - dl.4b provided by Lemma l2~2l If 77 e (Ai + r, Ai + r + e' Q ) and (ij, u v ) e U, 
then Lemma l2~2l ensures in addition the existence of another semi-trivial branch 

€ n := {(£, it,, 0) ; £ > 0} C R+ x E+ x E+ . 

Our aim is to show that under certain assumptions on the coefficients in (II . lb - dT~4~b , a branch of positive 
coexistence steady states bifurcates from the branch £ n . 

For the remainder of this subsection we fix (rj, u n ) 6 U and set U n := J °° e~ ra u v (a)da. Note that 

u n (a) = V e {AD ~ aiU ^ a U n , a>0, 

and 

- A D U V = ( V - r)U v - aiU* . (2.2) 

The strong positivity of e^ AD ~ aiU ^ a ensures u^a) > in 57 for a > 0, and is strongly positive. To 
shorten notation we set 



Pv ■= -< 1 j j and P v 

1 + mu„ 



v x + mUrj 



11 — T 

Lemma 2.3. We have < U„ (x) < for x g ft. If (£, u, v) is a nonnegative solution to dl.lM1.4t . 

then < U(x) < U^ix) for x G ft. Ifv^O, then £ > £o(v)> where £o(?7) is the principal eigenvalue of 
-A D + s - I3 2 P V . 

Proof. The statement follows from dl.61 l, dl.7t . d2.2t . and [3, Lem.2.3,Lem.2.5,Thm.4. 1]. We thus omit 
details and only sketch the simple proofs. Since (i] — r)/cti is a supersolution and U a subsolution of d2.2| i, 
the first and the second assertion follow. For the last assertion one multiplies the inequality 

-A D V - foP v V < (£ - s)V - frV 2 , 

by V, integrates over £7, and uses the fact that £o(f?) — s is the principal eigenvalue of — Ad — faPri- □ 



Note that the statement about the restriction of £ in Lemma l23l is more precise than in Lemma [27TI due 
to < fiz/m and the fact that the principal values thus satisfy Ai(— /^-P??) > Xi(— fa/m). 
For future purposes let us also state the following auxiliary result: 

Lemma 2.4. The operator — Ad + ctxU^ has maximal L q -regularity on R + . If 

— — ) — _ is sufficiently small (2.3) 
ol\ + m(j] — r) 

(e.g., if fo/fn is small), then also —Ad — fizPri has maximal L q -regularity on R + . 
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Proof. Observing that -A^ + a±U v has spectral bound not exceeding — Ai < since o>iU v is nonnega- 
tive, it follows from |T III.Ex.4.7.3,III.Thm.4.10.7] that -A D + a\U n has maximal ^-regularity on M+. 
Analogously, due to Ai > the Laplace operator — Ary has bounded imaginary power with power angle 
less than tt/2 by [ 1 III. Ex. 4. 7. 3]. Moreover, using 

WWL < y f ~ r) i (2-4) 

by Lemma 1231 we may invoke the perturbation theorem 1 1 , III.Thm.4.8.7] to conclude that — Ad — PzPt) 
still has bounded imaginary power with power angle less than 7r/2 provided that the quotient on the 
right hand side of the previous inequality is sufficiently small. The assertion then follows again from 
fflIILThm.4.10.7]. □ 

Note that fl] III.Thm.4.8.7] allows us in principle to compute the smallness condition in the statement 
of Lemma |2.4| explicitly. In the sequel we assume that ^(v — r)(ai + m(r) — r)) -1 is sufficiently small so 
that Lemma l2~4l applies. In particular, we assume this number to be less than Ai + s. Then s — (3 2 P ri > — Ai 
by ( t2~4l > and thus 

£o :=£o(v) ■= \i(s-P 2 P v ) >0 (2.5) 
due to the monotonicity in p of the principal eigenvalue Xi(p). 

Suppose now that (£, u, v) — (£, u v — w, v) solves dl.U - dl.4t . Then (£, w, v) solves 

d a w - A D w = -cnWur, - ai(U n - W)w + a 2 V ^1 ~ W \ , te(0) = ijW , (2.6) 

1 + m(U v — W) 

d a v - A D v = -fcVv + ^ 7 W)V , v(0)=ZV, (2.7) 

1 + m(U rl — W) 

where 

/•OO poo 

W := e- ra w(a)da, V := e- sa v(a)da. 
Jo Jo 
Due to Lemma |2~4l the operators 

Zi := (d a -A D + a^^oV 1 £ C(^o x W^^Ej) , 

Z 2 := (d a -A D - foP^loV 1 G £(E x ^ 2/9 ,E 1 ) , 

are well-defined. Hence, writing £ = £o + t, the solutions (t, w, v) of d2.6t -( l2~7l > are the zeros of the function 
F given by 

*> ~ * (-"i^K - w) + , f/W) 

> - Z 2 (-f3 2 P v v - hVv + $2 ,1%™% , (Co + t)v) 

We validate the assumptions of the Crandall-Rabinowitz theorem [4 Thm.1.7] for the function F. For 
R > sufficiently small set £ := Bgj (0, i?) and note that 

IT^ ] eCl ( ExE ' c ( fl ))- 

where we agree upon the notation dl.5t . Making R > smaller, if necessary, it readily follows that 
F:lxExE^EixEi has continuous partial Frechet derivatives F t , F^ wv ^, and F t ^ wv y Moreover, 
if ((f), ip) e Ei X Ei and 



F(t,w,v) 



$:=/ e" ra <£(a) da , * := / e - sa V(a)da, (2.8) 
J o Jo 

then the derivatives at (t, w, v) = (0, 0, 0) are 

F Kt)) (o,o,o)[<M = ( ^_z 2 (o,&*) J (2 ' 9) 
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and 

Ft,(», )(Q,o,o)[^] = ( _z 2 °(o^) ) • (2A ^ 

Before analyzing L :— Fr WjV j (0,0,0) G £(Ei x Ei,Ei x Ei) further, let us observe, as in [3|, that the 
operator 

-A D + r- 77 + 20! U v E C(W% tD ,L q ) 
is invertible. Indeed, from (12.2b it follows that U v is an eigenfunction of — A]j + r — r)+otxU n corresponding 
to the eigenvalue 0, that is, Ai (r — r)+aiU v ) = 0. But then, by the monotonicity of the principal eigenvalue 
|0Thm.l6], 

Ai(r - i] + 2axU v ) > Ai(r - ry + aiE/„) = 
and so belongs to the resolvent set of the operator —Ad + r — r/ + 2q.\U v . 
We set ft ( - A D + r - ry + 2a 1 U 11 ) "\ 

Lemma 2.5. Lef be a strongly positive eigenfunction to the principal eigenvalue £o = £,q(v) f rom ( E3j ) 
andlet^i := a2lZ(P v '$'i)- Then dim(ker(.L)) = codim(rg(L)) = 1. Infact, ker(L) = span{(z*, z|)}> 

z* := Zi (-ai$iu„ + a 2 *iP„ , »7$i) £ Ei , «a : = ^2(0,^0(^*1) 6 Ei . 
Proo/ For (</>, ?/>) £ E x x Ei set 

w,v.):=( z ' ( -"'*Xa*"''* ) 

using convention ( 12.81 ). Since $, W belong to W qD which is compactly embedded in L q , it is immediate 
by definition of the operators Z\, Z 2 that T G £(Ei X Ei) is compact. Suppose now that (<fr, ip) G ker(L). 
Then 

— Ad4> = —&iU n (f) — ax^Ujj + ai2 i &Pr) , </>(0)=7j$, (2.11) 

d a ij> - = faP v il> , V(0)=Co*, (2.12) 

whence 

(r - - A D $ + 2ail7„$ - a 2 P„* = , (2.13) 

(s~^ - A D ^ - p 2 P v ^ = 0. (2.14) 

Since £0 is a simple eigenvalue of — Ar> + s — /^P,,, ( 12.141 ) implies that there is some k G R with ^ = k^i, 
and thus, by ( 12.131 ), $ = From ( 12.111 ). ( 12.121 ) we then derive that ker(L) C span{(z*, z%)}. Con- 

versely, let (<j>, ip) := (z{, z|). Then 

9 a< ?!> - A D <£ = -aiU n <t> - ai^Wr, + a 2 *iPr ) , 0(0) = 77*1 , (2.15) 

and, on integrating with respect to a, we obtain 

- r?$i + r$ - A D $ + ait/,,* = -a>iU v $i + a 2 P n *i ■ (2.16) 

Clearly, $ = <E>i solves ( 12.161 ) and if there be another solution, let $ denote the difference of the two 
solutions. Then 

-A D $ + r$ + axU^ = , 

from which 

|V$| 2 dx + r / l> 2 dx + ai / U v $ 2 dx = 



and so $ = (alternatively, we could have invoked (12.21 ) and the monotonicity of the principal eigenvalue). 
Thus $ = $1 is the unique solution to ( 12.16b . Similarly, from the equation satisfied by ip = z% it follows 
on integration that 

- £0*1 + - An* - fcPr,* = , (2.17) 
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which has the solution = If ^ denotes the difference to another solution, then 

- - faP^ = 

implying ^ = since Ai(s — faPn) > 0. Thus, \& = is the unique solution to d2.17| i, and we conclude 
that (z* , z|) e ker(L). In particular, we have shown that 

/>oo 

/ e~ sa z* 2 da = *i . (2.18) 
Jo 

Finally, since dim(ker(L)) = 1 and L = 1 — T with a compact operator T, the assertion follows. □ 

It remains to check the transversality condition of |4|. 
Lemma 2.6. We have F t ,( w , v ) (0, 0, 0)[z*, zf] ^ rg(L). 
Proo/ From d2~8l (|27T0T >. (|2~T8] >. and LemmaElit follows 

^,(»,-)( ' ' )K' Z 2*] ^ ( _ Z2 (0 ; ^ 1 ) ) ' 

Suppose then to the contrary that the assertion is false. Then, by d2.9t , there is some ip £ Ei satisfying 

V>- Z 2 (0,£ *) - -Z 2 (0,*i), that is, 

d a ij; - A D ^ - faP^ = , V(0) - £0* - *i • 
Integration with respect to a and testing the resulting elliptic equation with "fi yields 

= (s-£ ) / Widx + / Vfdx- ViA^dx - fa / P v ^idx 
Jn Jn Jn Jn 

= /*((«-&)*i-A D * 1 - J 8 2 P 1 ,*i)da:+ / ^dx = /*?dx, 

contradicting the positivity of □ 

Recall that ^0 (^7) is the first eigenvalue of -A^ + s — faPq. If £ is regarded as bifurcation parameter in 
(II . lb - (fT~4l >. then we obtain in summary the following result: 

Theorem 2.7. Let otj, j3j, and m be positive. 

(a) Besides the trivial solutions (£, it, u) = (£, 0, 0) there is a semi-trivial branch of nonnegative classical 
solutions £ = {(£, 0,v^) ; Ai + s < £ < Ai + s + So} for some Eq > 0, where ^ 0. There is no 
nonnegative solution (£, u, v) with u ^= if r\ < Ai + r. 

There is some e' > smc/z f/iaf, ;/?7 G (Ai + r, Ai + r + e )> f ' 2en m addition to £ f/iere is another 
semi-trivial branch € v — {(£, 1*77, 0) ; £ > 0} of nonnegative classical solutions to dl.lt - dl.4t . where 
(77, u^) ^ (rj, 0) solves dl.lt , dl.2t w/f/z V = 0. Moreover, provided that a ^^^l r ^ is sufficiently small, in 
particular less than \\ + s, local supercritical bifurcation of a branch of positive classical solutions occurs 
at the critical point (£o(rf), u v ,0) £ That is, there are > and a branch of solutions 

e* := {(&«*,«,); £o(»7) < £ < Cofa) 

w;f/z (it*, u*) > ant/ it* ^ 0, u* ^ 0. 

Proof. Part (a) is a consequence of Lemma |2~T| and Lemma |2~2l For (b) we fix (rj,u v ) 6 W as before 
and consider a solution (it, u) = (u v — w, v). Then Lemma |2~51 Lemma [2761 and [4, Thm.1.7] imply that 
(£o(rf), 0, 0) is a bifurcation point of ( 12.6b . (12.7b and close to this point the nontrivial solutions (w, v) lie on 
the curve (for some e v > 0) 

(£(e),ez* + e@ 1 (e),ez 2 * + 662(e)) , |e| < e„ , 
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where £ : (~e n ,e n ) — > K is continuous with £(0) = £0(77) an d © = (@x, ©2) : (— £ ni £ v) ^ I^i x ^i is 
continuous with 0(0, 0) = (0, 0). Therefore, in terms of (u, v) we obtain that (£0(17), u v , 0) is a bifurcation 
point of dl.U - dl.4b and close to this point the solutions lie on the curve 

(€(e),Ur, - ez{ - eQ 1 {e),ez* 2 + e© 2 (e)) , |e| < e v . 

Let e s (0, e v ) be fixed and set := u v — ez* — e©i(e) and v* := ez 2 + e<d 2 (s). Then, by definition of 

z h 

u*(0) = u v (0) - e?7$i - e7o©i(e) , v*(0) = e£o(ry)*i + £7o©2(e) . 

Clearly, \&x belongs to the positive cone of W^ D 2 ^ q and thus, since 7o@2 € C((— e v ,e n ), W^~ D 2 ^ q ) and 
Co(^) > 0, we have v*(0) > provided that e > is sufficiently small. This yields that satisfies dl.3l l. 
< l 1 .4b and is positive. As for the positivity of we note that u v (0) = rjU v with U v being strongly positive 
and so is u v (0). Thus, if e > is sufficiently small, we deduce the positivity of it*(0), whence of m* 
by ( ll.lt , dl.2t . That necessarily £ > £o(^) was shown in Lemma |2~3l Finally, standard regularity theory 
for semilinear parabolic equations implies that both it*, are classical solution to dl-U -( fT~4"l i, i.e. u*, v* 
belong to C(R+ x H) n C 1,2 ((0, 00) x ft). □ 

Remark 2.8. We shall point out that while global bifurcation results are shown in (3) for Oi l, dT77b . 
bifurcation results for dl.U - dl.4t are of purely local character. This is due to a lack of compactness of e.g., 
the map Ex x Ei — > Eo, (u, u) 1— > J7u w/f/i respect to the age variable a. 

2.2. Bifurcation for the Parameter 77. We now consider 77 as bifurcation parameter in dl.lb - Jl.4b and keep 
£ fixed. Let (£, dj) € V from Lemma l2T2l be fixed and set := J °° e~ sa w^(a)da. Then there is a branch 
of semi-trivial solution 

V r .= {( V ,0,vt),r)>0} . 
The goal is to prove that bifurcation of positive solutions occurs from this branch. Since the idea is exactly 
the same as in the previous subsection, we merely sketch the proof and omit details. Proceeding as before 
we suppose that (77, u, v) = (770 + t, u, v% + w) solves Jl . lb -( fT~4b with 770 = 77o(£) to be determined. Then 
the analogues to d2.61 >, d2.71 > read 

(Vt + W)u 

d a u - A D u = - ai Uu - a 2 ^ -L-, u O = (770 + t)U , (2.19) 

1 + mu 

8 a w - A D w = -faWv t - Pi (V{ + W)w + fa + rT » w(0)=(,W, (2.20) 

1 + mil 

where 

17 := / e- ra u(a)da, W := / e - SQ w(a)da. 

As in Lemma [2~4l we derive that the operators — Ad + a 2 V^ and —Ad + /3 2 V^ have maximal L -regularity 
on R+,i.e., 

51 := (d a -A D + a 2 ^,7o) _1 € £(E x W^'.Ei) , 

5 2 := (9 a — Arj + /?i^,7o) _1 £ £(E x W^ /q ,^) 

are well-defined (note that we do not impose any restriction on the coefficients in this case). Thus, solutions 

of dim dZ2ot are the zeros of 

(u - Si (a 2 V^u - aiUu - a 2 ( ^ 4 f T ^ / ) " , (vo + t)U J 
w~S 2 (-ft W(vz + w) + /?2^gg^ , £W) 
Linearizing around (t, u, w) — (0, 0, 0) gives for (<fi, ip) € Ex X Ex with d2.8l ): 

G M(0.M)[^] = ( ^_5 2 (ftA-^,^) ) 
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and 



G t ,(u, w ) (0,0,0)^] 



Si (0,$) 







) 



Thus, if ((f), ip) e ker(L) with L := G(„ )W )(0, 0, 0), then 

(f> = Si(0,ry o $) , V = ^(/3 2 $f 5 - fttfuj , f¥) 
and, on integrating with respect to a, 

-A D $ + a 2 V£$ = (770 ~ r)<P , -Az,* + (20i V 6 - £ + s)* = /3 2 V e $ . 

But then, if i] = %(£) is the principal eigenvalue of -Ac + r + an d $1 a corresponding strongly 
positive eigenfunction, then we derive as in the proof of Lemma l2~5l that the kernel of L is one-dimensional 
and spanned by (s*, s|) £ Ei x Ei, where 



does not belong to the range of L. Therefore, we are again in a position to apply [4, Thm.1.7]. Recalling 
Lemma l2~Tl and Lemma [2721 we obtain the following analogue of Theorem \2J] for bifurcation with respect 
to the parameter 77: 

Theorem 2.9. Let otj, /3j, and m be positive. 

(a) Besides the trivial solutions (77, u, v) = (77, 0, 0) there is a semi-trivial branch of nonnegative classi- 
cal solutions 2) = {(77, u n , 0) ; Ai + r < 77 < Ai + r + e' } for some e' > 0, where u n ^ 0. There is no 
nonnegative solution (77, u, v) with v ^ if£ < Ai + s — /3 2 /m. 

(b) There is some £ > such that, if '£ G (Ai + s, Ai + s + £o)> then in addition to S)i there is another 
semi-trivial branch — {(77, 0, v$) ; i] > 0} of nonnegative classical solutions to <| 1 - 1 b - <TT~4T >. where 
(£, 1^) ^ (£, 0) solves (11.3b , ( 11.41 l vwf/i {/ = 0. Moreover, a local branch of positive classical solutions 
(77, u*, u*) bifurcates from the critical point (770 (?)■> 0, Ug) S 2)^ with (u*, u*) > goto? u» ^ 0, 1;* ^ 0. 
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s\ := Si(0,77o$i) , si := 5 2 (-/9i*iUe + /3 2 $i^ , , 

and := ( — Ad + 2/?iV^ — £ + s) 1 (/?2V^$i). Also, the codimension of the range of L equals one. 
Analogously to the proof of Lemma l2~6l we deduce that 




References 



1366-1387. 



Leibniz Universitat Hannover, Institut fur Angewandte Mathematik, Welfengarten 1, D-30167 Han- 
nover, Germany. 

E-mail address: walker@if am . uni-hannover . de 



